Abstract. We give a new proof of Brooks' theorem that immediately implies a strengthening of Brooks' theorem, known as Catlin's theorem.
All graphs in this note are simple and finite. Let G be a graph. The chromatic number of G is denoted by χ(G). The independence (stability) number of G is denoted by α(G). If X is a set of vertices of G, then G\X denotes the graph obtained from G by deleting the vertices in X. An n-coloring of G is a partition of V (G) into n independent sets. We follow the notation and terminology of West [4] .
Several proofs of Brooks' theorem appear in the literature, the most famous one being [2] . We begin by proving the result for triangle-free cubic graphs, and the general result follows from that by induction. Our method has the advantage of implying a result of Catlin [3] , which is a strengthening of Brooks' theorem stating that every graph G, with ∆(G) ≥ 3 and no clique of size ∆(G) + 1, has a ∆(G)-coloring in which one of the color classes has size α(G). Lemma 1. Let G be a triangle-free cubic graph. Then χ(G) ≤ 3.
Proof. Choose an independent set I of size α(G) such that the number of odd cycles in G\I is minimum. Suppose G\I contains an odd cycle C. Let x ∈ V (C). Consider the set S of all paths P starting at x and alternating between non-isolated vertices of G\I and elements of I subject to V (G\I) ∩ V (P ) being independent. Let P 0 be a member of S of maximum length. Let I ′ be the symmetric difference of I and V (P 0 ). It is easy to check that I ′ is an independent set of size α(G). Since G is triangle-free, cubic, and I is an independent set of maximum size, no cycle in G\I ′ contains a vertex from I ∩ V (P 0 ). This means that every odd cycle in G\I ′ is an odd cycle in G\I. But C is an odd cycle of G\I that is not in G\I ′ , and hence the number of odd cycles in G\I ′ is strictly less than that of G\I, a contradiction. Hence G backslashI contains no odd cycle, therefore, is bipartite, and can be colored with two colors. Giving all the vertices of I a new (third) color, we conclude that χ(G) ≤ 3. Key words and phrases. Chromatic number, independent set, Brooks' theorem, Catlin's theorem.
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Proof. Induction on |V (G)|. In the base case G is a non-complete graph on d + 1 vertices, and χ(G) ≤ d in this case. Note that we may assume that G is regular. We consider two cases depending on whether or not K d is a subgraph of G. a 1 , a 2 , . . . , a d be the respective neighbors of vertices v 1 , v 2 Suppose that K d is not a subgraph of G. If d > 3, then consider a maximum independent set I in G. Since I is a maximum independent set, the maximum degree of a vertex in G\I is at most d − 1. By the induction hypothesis, G\I can be colored with at most d − 1 colors. By giving a new color to all the vertices in I, we see that χ(G) ≤ d. The case d = 3 follows from Lemma 1. In all cases, χ(G) ≤ d, proving the theorem.
Let us call the above argument of extending a d-coloring of a graph with a clique of size d deleted to a d-coloring of the whole graph an extension argument. We now show that the above proof idea easily implies the following theorem of Catlin.
Theorem 3 (Catlin's theorem [3] ). Let d be an integer greater than 2. Let G be a graph with maximum degree d. Suppose that K d+1 is not a subgraph of G. Then there is a d-coloring of G in which one of the color classes has size α(G).
Note that it suffices to prove the result for graphs G with ∆(G) = χ(G). Indeed, for other graphs H, simply give a color to all the vertices in an independent set of maximum size, and color the rest of the graph with χ(H) colors. Now we explain why our method of proof of Brooks' theorem implies Catlin's theorem. We will use the obvious fact that no independent set contains more than one vertex of any clique. Let G be a graph with ∆(G) = χ(G). If G does not contain a K ∆(G) -subgraph, we appeal to Lemma 1 if ∆(G) = 3, and if ∆(G) = 3, we can give a color to the vertices of an independent set of maximum size, and color the remaining graph with χ(G) − 1 colors (such a coloring exists by Brooks' theorem). Suppose G contains a K ∆(G) -subgraph. We will apply induction on the number of vertices. Let d = ∆(G). 
